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Abstract
We generalize the Hodge version of the global Torelli theorem in the framework of irre-
ducible symplectic orbifolds. We also propose a generalization of several results related to the
Kähler cone and the notion of wall divisors introduced in the smooth case by Mongardi in
[Mon15]. As an application we propose a definition of the mirror symmetry for irreducible
symplectic orbifolds.
1 Introduction
A compact Kähler analytic space is called holomorphically symplectic if it admits a holomorphic
2-form which is non-degenerate on its smooth locus. In the last years there have been many devel-
opments regarding these objects with the objective of generalizing parts of the theory existing for
smooth compact hyperkähler manifolds. These generalizations respond to two necessities. The first
one is to get around the lack of examples in the smooth case and the second is to find a framework
more adapted to the minimal model program, where certain singularities naturally arise. The two
most important developments in this area during the last years concern the Beauville–Bogomolov
decomposition theorem [GKP16], [HP19] and the global Torelli theorem [BL18], [Men20]. This
paper continues the quest in the framework of irreducible symplectic orbifolds.
A complex analytic space is called an orbifold if it is locally isomorphic to a quotient of an open
subset of Cn by a finite automorphism group (Definition 2.1). An orbifold X is called irreducible
(holomorphically) symplectic if X r SingX is simply connected, admits a unique (up to a scalar
multiple), nondegenerate holomorphic 2-form, and CodimSingX ≥ 4 (Definition 2.4). Irreducible
symplectic orbifolds have several key properties, making them a particularly interesting class of
geometrical objects. First, they are elementary bricks in a Bogomolov decomposition theorem
([Cam04, Theorem 6.4]). Second, they are well adapted to the minimal model program since
their singularities are Q-factorial and terminal ([Nam01, Corollary 1]). Third, the construction of
twistor spaces ([Men20, Theorem 5.4]) generalizes to these objects which is a powerful tool when
generalizing results from the smooth case. Finally, many examples have already been constructed
in this framework ([Fuj83, Section 13]).
After the generalization of the global Torelli theorem in the moduli space setting ([Men20,
Theorem 1.1]), it appears natural to generalize its Hodge version (see [Mar11, Theorem 1.3] in the
smooth case).
Theorem 1.1. Let X and X ′ be irreducible symplectic orbifolds.
(i) X and X ′ are bimeromorphic if and only if there exists a parallel transport operator f :
H2(X,Z)→ H2(X ′,Z) which is an isometry of integral Hodge structures.
(ii) Let f : H2(X,Z) → H2(X ′,Z) be a parallel transport operator, which is an isometry of
integral Hodge structures. There exists an isomorphism f˜ : X → X ′ such that f = f˜∗ if and
only if f maps some Kähler class on X to a Kähler class on X ′.
As in the smooth case, the second cohomology group of an irreducible symplectic orbifold is
endowed with the Beauville–Bogomolov form (see [Men20, Theorem 3.17]). See Definition 2.15 for
the definition of parallel transport operator.
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The proof of Theorem 1.1 uses a generalization of Huybrechts’ Theorem on bimeromorphic
hyperkähler manifolds [Huy03, Theorem 2.5] to the orbifold setting (see Proposition 3.5).
Theorem 1.1 shows the importance of understanding the Kähler classes on irreducible symplectic
orbifolds, which is the subject of the next part of this paper. First, we generalize the Boucksom
criterion which characterizes the Kähler classes by their intersections with rational curves (Theorem
4.1).
A central part of this paper is to develop the theory of wall divisors for irreducible symplectic
orbifolds, thus generalizing the theory developed independently by Mongardi [Mon15] and Amerik–
Verbitsky [AV15]. By definition, the wall divisors provide orthogonal hyperplanes which (even
after applying Hodge preserving monodromy operators) intersect trivially the birational Kähler
chambers (see Definition 4.5). We prove that wall divisors are invariant under arbitrary parallel
transport and that extremal rays of the cone of effective curves give rise to wall divisors. More
precisely, we have the following result:
Theorem 1.2. (i) (compare Theorem 4.6) Let X and Y be two irreducible symplectic orbifolds
such that there exists a parallel transport operator f : H2(X,Z)→ H2(Y,Z). Let D be a wall
divisor of X such that f(D) ∈ Pic(Y ). Then f(D) is a wall divisor on Y .
(ii) (compare Proposition 4.12) Let R be an extremal ray of the cone of effective curves on X
with negative self intersection with respect to the Beauville–Bogomolov form. Suppose that
either X is projective or b2(X) ≥ 5. Then the hyperplane R⊥ ⊆ H2(X,Z) is the orthogonal
complement of a wall divisor.
These results have many applications. One of them is to provide information on the singularities
of the irreducible symplectic orbifolds (see Section 3.2). In particular, we obtain a positive answer
for the Fu–Namikawa conjecture ([FN04, Conjecture 2]) in the following context: two crepant
resolutions of a given symplectic space will lead to deformation equivalent irreducible symplectic
orbifolds (see Corollary 3.8).
On the other hand, the global Torelli theorem (Theorem 1.1) and our results on wall divisors
allow to generalize the notion of lattice mirror symmetry to the orbifold setting in Section 5.
In [Huy04, Section 6], Huybrechts proposes a definition of mirror symmetry at the level of the
following period domain:
GΛ :=
{
(α, β + ix) ∈ (Λ ⊗ C)2 ∣∣ α2 = 0, α · α > 0, α · x = 0, x2 > 0} .
In Theorem 5.4, using our results on the Kähler cone and the global Torelli theorem, we are able
to provide an isomorphism between a sub-period domain of GΛ and the moduli space M˜Λ :=
{(X,ϕ, ωX , σX , β)} which parametrizes deformation equivalent marked irreducible symplectic orb-
ifolds of Beauville–Bogomolov lattice Λ endowed with a Kähler class ωX , a holomorphic 2-form
σX and a class β ∈ H2(X,R). Theorem 5.4 makes possible to define the mirror symmetry as an
involution on a sub-moduli space of M˜Λ. Therefore, this allows to define the symmetric mirror of
a precise irreducible symplectic orbifold. This is a new approach compared to what was done in
[Dol96] and [Cam16] where the mirror symmetry acts on a set of moduli spaces. This is an im-
provement of results in [FJM19, Section 4] and it is also new in the setting of irreducible symplectic
manifolds.
In the literature (see [Fuj83, Section 13, table 1, line I.2], [MT07, Corollary 5.7], [Men15],
[Men20, Section 3.2]), an important example of irreducible symplectic orbifolds is the orbifold
denoted by M ′, which is constructed as follows. We consider X a manifold deformation equivalent
to an Hilbert scheme of two points on a K3 surface endowed with a symplectic involution ι; then
M ′ is given by a crepant resolution in codimension two of the quotient X/ι (see Example 2.5). In
particular, we prove that this orbifold is deformation equivalent to a Fujiki orbifold (see Proposition
3.10) and to the Markushevich–Tikhomirov orbifold (see Proposition 3.12).
In a sequel of this paper, we will provide a full description of the wall divisors on M ′. This is
an application of the results from Section 4 and will make it possible to determine the Kähler cone
of irreducible symplectic orbifolds of this deformation type explicitly.
The paper is organized as follows. In Section 2, we provide some reminders for important results
on irreducible symplectic orbifolds. Section 3.1 is devoted to the proof of Theorem 1.1 with appli-
cations to the singularities in Section 3.2. In Section 3.3, we provide an example of non-separated
2
points in a moduli space of marked irreducible symplectic orbifolds. In Section 4, we describe the
Kähler cone providing the Boucksom criterion and the results on wall divisors. Finally, in Sec-
tion 5, we apply our results in order to define mirror symmetry for irreducible symplectic orbifolds.
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and Moduli Spaces where our collaboration was initiated. The first author has been financed by the
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Studies at ETH Zürich (supported by Dr. Max Rössler, the Walter Haefner Foundation and the
ETH Zürich Foundation).
2 Reminder on holomorphically symplectic orbifolds
2.1 Definition
First we briefly recall the definition of symplectic orbifold used in this paper.
Definition 2.1. A n-dimensional orbifold is a connected paracompact complex space X such that
for every point x ∈ X, there exists an open neighborhood U and a triple (V,G, π) such that V is
an open subset of Cn, G is a finite automorphisms group of V and π : V → U is the composition
of the quotient map V → V/G and an isomorphism V/G ≃ U . Such a quadrupole (U, V,G, π) is
called a local uniformizing system of x.
Remark 2.2. Note that an orbifold is normal (see for instance [Car57, Théorème 4]).
Let X be an orbifold. A smooth differential k-form ω on X is a C∞ differential k-form on
Xreg := X r SingX such that for all local uniformizing systems (U, V,G, π), π
∗(ω|Ureg ) extends
to a C∞-differential k-form on V (see [Men20, Section 2] and [Bla96, Section 1 and 2] for more
details).
A smooth differential form ω on X is called Kähler if it is a Kähler form on Xreg such that for
all local uniformizing systems (U, V,G, π), the pullback π∗(ω|Ureg ) extends to a Kähler form on V .
A Kähler orbifold is an orbifold which admits a Kähler form.
Remark 2.3. An orbifold is Kähler if and only if it is Kähler as a complex space (cf. [Fuj79,
Definition 1.2, 4.1 and Remark 4.2] for the definition of a Kähler complex space and [CFZ07, pages
793-795] for the proof of the equivalence).
We denote by KX the Kähler cone of X which is the set of all De Rham classes of Kähler forms
on X .
Definition 2.4 ([Men20], Definition 3.1). A compact Kähler orbifold X is called primitively sym-
plectic if:
(1) Xreg := X r SingX is endowed with a non-degenerated holomorphic 2-form which is unique
up to scalar.
(2) CodimSingX ≥ 4.
If moreover Xreg is simply connected, X is said an irreducible symplectic orbifold.
We refer to [Cam04, Section 6], [Men20, Section 3.1] and [FM01, Section 3.1] for discussions
about this definition. In particular, the condition (2) is not restrictive since quotient singularities
in codimension 2 can always be solved (see [BCHM10]).
Example 2.5 ([Men20, Section 3.2]). Let X be a hyperkähler manifold deformation equivalent to
a Hilbert scheme of 2 points on a K3 surfaces and ι a symplectic involution on X . By [Mon12,
Theorem 4.1], ι has 28 fixed points and a fixed K3 surface Σ. We denote by M ′ the blow-up of
X/ι in the image of Σ. The orbifold M ′ is irreducible symplectic (see [Men20, Proposition 3.8]).
Example 2.6. A similar construction of an irreducible symplectic orbifold (starting from a gener-
alized Kummer variety) can also be found in [Men20, Proposition 3.8]; we denote this orbifold by
K ′. See [Fuj83, Section 13] and [FM01, Section 5] for further examples of primitively symplectic
orbifolds.
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2.2 Beauville–Bogomolov form
Let X be an irreducible symplectic orbifold. As explained in [Men20, Section 3.4], H2(X,Z) can
be endowed with an indivisible and integral bilinear form of signature (3, b2(X) − 3) called the
Beauville–Bogomolov form and denoted by ( , )q. Let σX be a holomorphic 2-form of X with
σnXσ
n
X = 1; the quadratic form q associated to ( , )q is obtained, for all α ∈ H2(X,Z), by:
q(α) := λ
[n
2
(σXσX)
n−1α2 + (1− n) (σn−1X σnXα) · (σnXσn−1X α)] ,
with λ ∈ R such that ( , )q is integral and primitive.
Example 2.7 ([Men15], Theorem 2.5; [KM18], Theorem 1.1). The irreducible symplectic orbifolds
M ′ and K ′ of Example 2.5 and 2.6 have the following Beauville–Bogomolov lattice respectively:
H2(M ′,Z) ≃ U(2)3 ⊕ E8(−1)⊕ (−2)2 and H2(K ′,Z) ≃ U(3)3 ⊕
(−5 −4
−4 −5
)
.
Remark 2.8. Let β ∈ H2n−1,2n−1(X,Q). We can associate to β its dual class β∨ ∈ H1,1(X,Q)
defined as follows. By [Men20, Corollary 2.7] and since the Beauville–Bogomolov form is integral
and non-degenerated (see [Men20, Theorem 3.17]), we can find β∨ ∈ H2(X,Q) such that for all
α ∈ H2(X,C):
(α, β∨)q = α · β,
where the dot on the right hand side is the cup product. Since (β∨, σX)q = β · σX = 0, we have
β∨ ∈ H1,1(X,Q).
2.3 Period map
Let Λ be an abstract lattice of signature (3, rkΛ − 3). A marking of a primitively symplectic
orbifold X is an isometry ϕ : H2(X,Z)→ Λ. We denote by MΛ the set of isomorphism classes of
marked irreducible symplectic orbifolds (X,ϕ) with ϕ : H2(X,Z) → Λ. As explained in [Men20,
Section 3.5], this set can be endowed with a complex structure such that the period map:
P : MΛ // DΛ
(X,ϕ) // ϕ(σX)
is a local isomorphism with DΛ :=
{
α ∈ P(ΛC) | α2 = 0, α · α > 0
}
. The complex manifold MΛ
is called the moduli space of marked primitively symplectic orbifolds of Beauville–Bogomolov lattice
Λ. When Λ is clear, we will write D instead of DΛ.
Let X
f→ S be a deformation of X by primitively symplectic orbifolds, where the base S
is simply connected. We denote o := f(X). By [Men20, Theorem 3.17], we can see S as an
analytic subset of MΛ. Moreover, by [Men20, Corollary 3.12], there exists a natural isomorphism
us : H
∗(Xs,C) → H∗(X,C) which respects the cup product. Let ϕ be a mark of X . The period
map restricted to S has the following expression:
P : S // D
s // ϕ ◦ us(σXs),
For instance, let f : X → Def(X) be the Kuranishi deformation of X (see for instance [Fuj83,
Remark 3.4]). By [Men20, Proposition 3.16], there exists U an open neighborhood of o ∈ Def(X)
such that for all t ∈ U , the fiber Xt := f−1(t) is a primitively symplectic manifold. Moreover, we
can shrink U to a smaller open neighborhood of o such that P : U → P(U) is an isomorphism.
2.4 Global Torelli theorem
The moduli spaceMΛ introduced in the previous section is a non-separated manifold, however by
[Men20, Corollary 3.25], there exists a Hausdorff reduction MΛ of MΛ such that the period map
P factorizes through MΛ:
MΛ
P
((
// //MΛ // D.
4
Moreover, two points in MΛ map to the same point in MΛ if and only if they are non-separated
in MΛ. Finally, we can recall the global Torelli theorem.
Theorem 2.9 ([Men20], Theorem 1.1). Let Λ be a lattice of signature (3, b − 3), with b ≥ 3.
Assume that MΛ 6= ∅ and let M◦Λ be a connected component of MΛ. Then the period map:
P :MΛ◦ → D
is an isomorphism.
2.5 Positive cone
We denote by CX the positive cone of X , it is the connected component of{
α ∈ H1,1(X,R)∣∣ q(α) > 0}
that contains the Kähler cone (see Section 2.1). We recall a first result, about elements of the
positive cone, which will be used several times in this paper.
Proposition 2.10 ([Men20], Proposition 5.5). Let X be an irreducible symplectic orbifold and let
α ∈ CX be a very general element of the positive cone, i.e. α is contained in the complement of
countably many nowhere dense closed subsets. Then there exist two smooth proper families X → S
and X ′ → S of irreducible symplectic orbifolds over a one-dimensional disk S and a bimeromor-
phism F : X ′ 99K X compatible with the projection to S, such that F induces an isomorphism
X ′|Sr{0} ≃ X|Sr{0}, the special fiber X0 is isomorphic to X, and F ∗α is a Kähler class on X ′0.
In this proposition by F ∗α we refer to the following. If X ← Z → X resolves the bimeromorphic
map F , we can consider Γ = ImZ0 → X ×X ′ and p : Γ→ X , p′ : Γ→ X ′ the projections. Then,
we set F ∗(α) := p′∗(Γ · p∗(α)).
Remark 2.11. In Section 4.2 we will introduce the concept of wall divisors. This will make it
possible to replace the condition that α is very general by a much more explicit condition, which
can be verified for individual elements α ∈ CX (compare Corollary 4.16).
2.6 Twistor space
Let Λ be a lattice of signature (3, rkΛ−3). We denote by "·" its bilinear form. A positive three-space
is a subspace W ⊂ Λ⊗ R such that ·|W is positive definite.
Definition 2.12. For any positive three-space W , we define the associated twistor line TW by:
TW := D ∩ P(W ⊗ C).
A twistor line is called generic if W⊥∩Λ = 0. A point of α ∈ D is called very general if α⊥∩Λ = 0.
Theorem 2.13 ([Men20], Theorem 5.4). Let (X,ϕ) be a marked irreducible symplectic orbifold with
ϕ : H2(X,Z) → Λ. Let α be a Kähler class on X, and Wα : =VectR(ϕ(α), ϕ(ReσX), ϕ(ImσX)).
Then:
(i) There exists a metric g and three complex structures (see [Men20, Section 5.1] for the defi-
nition) I, J and K in quaternionic relation on X such that:
α = [g(·, I·)] and g(·, J ·) + ig(·,K·) ∈ H0,2(X).
(ii) There exists a deformation of X:
X → T (α) ≃ P1,
such that the period map P : T (α) → TWα provides an isomorphism. Moreover, for each
s = (a, b, c) ∈ P1, the associated fiber Xs is an orbifold diffeomorphic to X endowed with the
complex structure aI + bJ + cK (identifying P1 with S2 = {(a, b, c) ∈ R3 | a2 + b2 + c2 = 1}).
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Remark 2.14. Note that if the irreducible symplectic orbifoldX of the previous theorem is endowed
with a marking then all the fibers of X → T (α) are naturally endowed with a marking.
For the statement of the next lemma, we recall the definition of a parallel transport operator.
Definition 2.15. Let X1 and X2 be two irreducible symplectic orbifolds. An isometry f : H2(X1,Z)→
H2(X2,Z) is called a parallel transport operator if there exists a deformation s : X → B, two
points bi ∈ B, two isomorphisms ψi : Xi → Xbi , i = 1, 2 and a continuous path γ : [0, 1]→ B with
γ(0) = b1, γ(1) = b2 and such that the parallel transport in the local system Rs∗ Z along γ induces
the morphism ψ2∗ ◦ f ◦ ψ∗1 : H2(Xb1 ,Z)→ H2(Xb2 ,Z).
Remark 2.16. Note that a deformation of irreducible symplectic orbifolds is always locally trivial
(see [Men20, Proposition 3.10]).
Lemma 2.17. Two marked irreducible symplectic orbifolds (X,ϕ), (Y, ψ) in the M ◦Λ are connected
by twistor spaces. That is: There exists a sequence of generic twistor spaces fi : Xi → P1i with
(xi, x
′
i) ∈ P1i × P1i , i ∈ {0, ..., k}, k ∈ N such that
f−10 (x0) ≃ (X,ϕ), f−1i (x′i) ≃ f−1i+1(xi+1) and f−1k (x′k) ≃ (Y, ψ),
for all 0 ≤ i ≤ k − 1, which induces ψ−1 ◦ ϕ as parallel transport operator.
Proof. We split the proof in two steps.
First case: We assume that (X,ϕ) and (Y, ψ) are very general (that is PicX = 0 and PicY =
0). By [Huy12, Proposition 3.7] the period domain DΛ is connected by generic twistor lines. Note
that the proof of [Huy12, Proposition 3.7] in fact shows that the twistor lines can be chosen in a
such a way that they intersect in very general points of DΛ. In particular, we can connect P(Y, ψ)
and P(X,ϕ) by such generic twistor lines in DΛ. Since for a very general element (X˜, ϕ˜)of MΛ
we know K
X˜
= C
X˜
by [Men20, Corollary 5.6], Theorem 2.13 shows that all these twistor line can
be lifted to twistor spaces. By [Men20, Proposition 3.22] the period map P is injective on the set
of very general points in DΛ. Therefore, all these twistor spaces intersect and connect (X,ϕ) to
(Y, ψ).
Second case: If (X,ϕ) is not very, we consider a very general Kähler class α. Then the
associated twistor space X → T (α) have a fiber which is a very general marked irreducible
symplectic orbifold. Hence we are back to the first case.
3 Hodge version of the global Torelli theorem
3.1 Proof of Theorem 1.1
Lemma 3.1. Let X be an orbifold and f : X˜ → X the blow-up of X in a smooth subvariety Y .
Let E be the exceptional divisor of f . Then:
H2(X˜,R) ≃ H2(X,R)⊕ R [E] .
Proof. The map f is the blow-up of X in an analytic subset Y . Let U := X r Y . Since
CodimY ≥ 2, we have H2(X,R) ≃ H2(U,R) (see for instance [Fuj83, Lemma 1.6]). Then the
commutative diagram
H2(X,R)
f∗
// H2(X˜,R)
zztt
tt
tt
tt
t
H2(U,R)
shows that f∗ : H2(X,R)→ H2(X˜,R) is an injection. We have f∗(H2(X,R))⊕R [E] ⊂ H2(X˜,R).
Let V := X˜rSing X˜. Still because of [Fuj83, Lemma 1.6],H2(X˜,R) ≃ H2(V,R). Then we conclude
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with the following exact sequence:
H2(X,R)
H2(V, V r E,R) // H2(V,R) // H2(V r E,R)
H0(E ∩ V,R),
where the isomorphisms are given respectively by Thom’s isomorphism and [Fuj83, Lemma 1.6].
Lemma 3.2. Let f : X 99K X ′ be a bimeromorphic map between two primitively symplectic
orbifolds. Then f is an isomorphism in codimension 1.
Proof. Since X is normal (Remark 2.2), f is well defined on U0 ⊂ X with CodimX r U0 ≥ 2.
Moreover, we can look at U := U0 r SingU0. We also have CodimX r U ≥ 2. Let U ′ be the
smooth locus of X ′. First, observe that f(U) is contained in U ′. Indeed, if this was not the case,
f |U would be a crepant resolution of some singularities of X ′ which is impossible since X ′ has only
terminal singularities (see [Nam01, Corollary 1]).
Consider the subset Y ⊂ U consisting of all points x such that f−1(f(x)) 6= {x}. Let σ′ be the
unique non-degenerate holomorphic 2-form on U ′, then f∗(σ′) is also the unique non-degenerate
holomorphic 2-form on U (up to a scalar) because f∗(σ′) extends to all X (see for instance [Fuj83,
Lemma 2.1]). Since f∗(σ′) is non-degenerated, Y cannot be a divisor, otherwise there would need
to be fibers of dimension bigger than 0, and they would be in the set of degeneration of f∗(σ′)
which is impossible. Finally, we set V := U ∩ f−1(U ′) r Y which verifies CodimX r V ≥ 2
and f : V → X ′ is an injective bimeromorphic morphism. With the same argument, there exists
V ′ ⊂ X ′ such that CodimX ′rV ′ ≥ 2 and f−1 : V ′ → X is an injective bimeromorphic morphism.
Then f : V ∩ f−1(V ′) → V ′ ∩ f(V ) is an isomorphism and using the same arguments as above,
CodimX r V ∩ f−1(V ′) ≥ 2; CodimX r V ′ ∩ f(V ) ≥ 2.
Proposition 3.3. Let f : X ′ 99K X be a bimeromorphic map between two primitively symplectic
orbifolds. If α ∈ H2(X,R) is a class such that α · [C] > 0 and f∗(α) · [C′] > 0 for all rational
curves C ∈ X and C′ ∈ X ′, then f extends to an isomorphism.
Proof. The proof of this proposition is an adaptation of the Huybrechts’ proof [Huy03, Proposition
2.1]. By Hironaka’s theorem (see for instance [BM97]) there exists a sequence of blow-ups in smooth
loci π : Z → X resolving f . In particular, we can find a combination∑niEi of exceptional divisors
with ni ∈ N∗ such that −
∑
niEi is π-ample. We have the following commutative diagram:
Z
π′ ւ ց π
X ′ − f− → X.
By Lemma 3.2, any exceptional divisors Ei for π is also an exceptional divisor for π
′.
Let β ∈ H2(X,R). Using Lemma 3.1 there exists γ ∈ H2(X ′,R) such that:
π∗β = π′∗γ +
∑
i
ai [Ei] .
Let W ⊂ X and W ′ ⊂ X ′ such that CodimX rW ≥ 2, CodimX ′ rW ′ ≥ 2 and the restriction
f :W → W ′ is an isomorphism. We have a commutative diagram:
π−1(W )
pi
}}④④
④④
④④
④④ pi′
""❉
❉❉
❉❉
❉❉
❉
W
f
// W ′.
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The commutativity of this diagram and [Fuj83, Lemma 1.6] imply that γ = f∗β. That is:
π∗β = π′∗(f∗(β)) +
∑
i
ai [Ei] . (1)
Taking α ∈ H2(X,R) as in the statement of the proposition, exactly as Huybrechts in [Huy03,
Proof of Proposition 2.1], we can see that the ai vanish in this case:
π∗α = π′∗(f∗(α)).
We conclude as Huybrechts proving that a rational curve C is contracted by π if and only if it is
contracted by π′ regarding the intersections π∗α · C and π′∗(f∗(α)) · C. Since all the exceptional
divisors are covered by rational curves (our resolution is a sequence of blow-ups), all contractions
π|Ei and π
′
|Ei coincide. So f extends to an isomorphism.
Lemma 3.4. Let f : X ′ 99K X be a bimeromorphic map between two primitively symplectic
orbifolds. By Lemma 3.2, there exist two open sets j : W →֒ X and j′ : W ′ →֒ X ′ such that
CodimX rW ≥ 2, CodimX ′rW ′ ≥ 2 and the restriction f :W ′ →W is an isomorphism. Then
the map induced by [Fuj83, Lemma 1.6]:
f∗ : H2(X,R)
j∗
→˜ H2(W,R) ≃ H2(W ′,R)
j′∗
→˜ H2(X ′,R),
is an isometry with respect to the Beauville–Bogomolov form.
Proof. Let Z resolving f as in the proof of Proposition 3.3:
Z
π′ ւ ց π
X ′ − f− → X.
Pulling back the Beauville–Bogomolov form to Z, the result is a direct consequence of (1) and the
projection formula ([Men20, Remark 2.8]).
Proposition 3.5. Let X and X ′ be irreducible symplectic orbifolds and f : X ′ 99K X a bimero-
morphism. Then there exist smooth proper families X → S and X ′ → S over a one-dimensional
disk S with the following properties:
(i) The special fibers are X0 ≃ X and X ′0 ≃ X ′.
(ii) There exists a bimeromorphism F : X ′ 99K X which is an isomorphism over S r {0}, i.e.
F : X ′|Sr{0}≃X|Sr{0}, and which coincides with f on the special fiber, i.e. F0 = f .
Proof. Using Lemmas 3.1 and 3.2 and Propositions 3.3 and 2.10, this result can be proved exactly
as Huybrechts did in [Huy03, proof of Theorem 2.5].
Proof of Theorem 1.1. Statement (i) is given by Proposition 3.5 and [Men20, Corollary 5.11]. In
the following, we show statement (ii). Clearly, if there exists f˜ : X → X ′ with, then f˜∗ maps some
Kähler class to a Kähler class. Hence, we only need to prove the reverse implication.
Let f : H2(X,Z)→ H2(X ′,Z) be a parallel transport which is a Hodge isometry. By Theorem
2.9 and Proposition 3.5, there exist smooth proper families X → S and X ′ → S over a one-
dimensional disk S such that X0 ≃ X and X ′0 ≃ X ′ and F : X ′ 99K X which is an isomorphism
over S r {0}. Let X ← Z → X ′ be a resolution of F obtained by a sequence of blow-ups in
smooth loci (Hironaka’s theorem). Let Z0 be the fiber of Z → S over 0, we consider the cycle
Γ := Im(Z0 → X × X ′) which decomposes as Γ = Z +
∑
Yi. As explained in [Men20, Remark
3.24], we know that Z is the graph of a bimeromorphism between X and X ′. Moreover [Γ]∗ = f ,
where [Γ]∗ (x) := π
′
∗([Γ] · π∗(x)) for all x ∈ H2(X,R). Assume that there exists α ∈ H1,1(X,R) a
Kähler class such that β = f(α) = [Γ]∗ (α) is a Kähler class too. We are now in the same situation
as the one in the proof of [Huy03, Theorem 2.5] and with the same argument, we prove that π′(Yi)
has codimension at least 2 for all i. Hence f = [Γ]∗ = [Z]∗. Finally, we conclude the proof using
Proposition 3.3.
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3.2 Applications to the singularities of an irreducible symplectic orbifold
Two bimeromorphic irreducible symplectic orbifolds have the same singularities
We note the following corollary of Proposition 3.5.
Corollary 3.6. Let X and X ′ be two bimeromorphic irreducible symplectic orbifolds. Then, X
and X ′ have the same singularities.
Proof. We have seen with Proposition 3.5 that X and X ′ are deformation equivalent. However,
quotient singularities of codimension ≥ 3 are rigid under deformation (see [Fuj83, Lemma 3.3]).
Uniqueness of the crepant resolution in codimension 2
The following corollary of Proposition 3.5 can be seen as a partial answer to [FN04, Conjecture 2].
By [BCHM10], we know that the symplectic singularities in codimension 2 always have a crepant
resolution. Is this crepant resolution unique?
Definition 3.7. Let X be an orbifold. Let Sing2X be the union of the irreducible components of
SingX of codimension 2. A partial resolution in codimension 2, r : X˜ → X of X, is a proper
bimeromorphic map such that:
(i) the restriction r : r−1 (X r Sing2X)→ X r Sing2X is an isomorphism;
(ii) CodimSing X˜ ≥ 3.
Corollary 3.8. Let X and X ′ be two irreducible symplectic orbifolds. We assume that X and
X ′ are two partial resolutions in codimension 2 of the same orbifold Y . Then X and X ′ are
deformation equivalent.
Proof. Indeed, X and X ′ are bimeromorphic. Then Proposition 3.5 concludes the proof.
This corollary can help to classify the irreducible symplectic orbifolds in dimension 4. We
provide an example here.
Example 3.9. In [Fuj83, Section 13], Fujiki constructs the following symplectic orbifold. He consid-
ers S a K3 surface and i a symplectic involution on S. Let s2 be the reflection on S × S acting by
s2(x, y) = (y, x). Let G = 〈s2, i〉 be the automorphism group on S × S with i(x, y) = (i(x), i(y)).
Fujiki defined YK3(Z /2Z) a crepant resolution in codimension 2 of S × S/G. Fujiki shows that
YK3(Z /2Z) is a primitively symplectic orbifold.
We recall that M ′ is defined in Example 2.5.
Proposition 3.10. The orbifold YK3(Z /2Z) is symplectic irreducible and deformation equivalent
to M ′.
Proof. It is enough to show that YK3(Z /2Z) is symplectic irreducible. IndeedM ′ and YK3(Z /2Z)
are both crepant resolutions in codimension 2 of S × S/G and so Corollary 3.8 applies.
Necessarily, YK3(Z /2Z) andM
′ are bimeromorphic. Indeed, let∆ := {{x, x} ∈ S × S/G | x ∈ S}
and Σ := {{x, i(x)} ∈ S × S/G | x ∈ S}. Let U := S × S/G r (∆ ∪ Σ). The set U can be
seen as an open set in YK3(Z /2Z) and in M
′. This gives rise to a natural bimeromorphism
f : YK3(Z /2Z) 99KM
′ (extending idU ).
By Lemma 3.2, f extends to an isomorphism from an open set U ′ ⊂ YK3(Z /2Z) to an open
set V ′ ⊂ M ′ such that CodimYK3(Z /2Z) r U ′ ≥ 2 and CodimM ′ r V ′ ≥ 2 with U ⊂ U ′ and
U ⊂ V ′. Moreover, U contains all the singularities which are given by {{xi, xj}| i < j}, where
(xi)i∈{1,...,8} are the fixed points of i on S. It follows that π1(YK3(Z /2Z)reg) = π1(U ′reg) =
π1(V
′
reg) = π1(M
′
reg) = 0, where the index reg means the regular subset.
Remark 3.11. Note that this proposition is in contradiction with the Euler characteristic computed
in [MT07, Proposition 5.1, Corollary 5.7] and the one suggested in [Fuj83, Remark 13.2 (4)].
However, we can prove that the Euler characteristic of YK3(Z /2Z) and M
′ is actually 212 using
two different methods. Indeed, it is proved in [Men15, Proposition 2.40] using the link between the
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invariant cohomology and the cohomology of the quotient that χ(M ′) = 212. Moreover, in [FM01,
Proposition 3.6], using Blach–Riemann–Roch theorem [Bla96, Theorem 3.5 and 3.17], we provide
an expression such that the Euler characteristic of a 4-dimensional primitively symplectic orbifold
X depends only on the second Betti number, the third Betti number and the singularities:
b4(X) + b3(X)− 10b2(X) = 46 + s,
where s only depends of the singularities. That is:
χ(X) = (48 + s) + 12b2(X)− 3b3(X). (2)
More precisely
s =
∑
x∈SingX
sx,
where sx only depends of the analytic type of the singularity x. It was shown in [FM01, (16)], that
sx = −1 if x is a singularity analytically equivalent to C4 /− id. By [Men15, Propositions 2.8 and
2.40], [MT07, Corollary 5.7], [Fuj83, Theorem 13.1, Table 1, I.2], b2(M
′) = b2(YK3(Z /2Z)) = 16,
b3(M
′) = b3(YK3(Z /2Z)) = 0 and M ′, YK3(Z /2Z) have 28 singularities analytically equivalent
to C4 /− id. Hence by (2):
χ(M ′) = χ(YK3(Z /2Z)) = 212.
3.3 Application: example of non-separated orbifolds in their moduli
space
In [MT07], Markushevich and Tikhomirov provide a primitively symplectic orbifold related by a
Mukai flop to M ′ (see Example 2.5 for the definition of M ′). The construction starts with a K3
surface S endowed with an anti-symplectic involution i such that the quotient X/i is a del Pezzo
surface of degree 2. We endow S with a polarization H which is a pull-back of the anti-canonical
bundle of X/i. In particular, the divisor H is very ample and provides an embedding of S in P3
(see [MT07, Lemma 1.1]). Then we consider M = MH,ssS (0, H,−2), the moduli space of H-semi-
stable sheaves on S with Mukai vector (0, H,−2). Then the Markushevich–Tikhomirov orbifold
P is constructed as a connected component of the fixed locus of the involution i∗ ◦ τ where τ is a
generalization of the dual map adapted to M (see [MT07, Section 3] for more details).
Restricting to the case, where S →֒P3 does not contain any lines, one can consider the Beauville
involution ι on S[2] (see [Bea83a, p.21]) which is an antisymplectic involution. The composition
i[2] ◦ ι is therefore symplectic, and one can associate the orbifold M ′ as the partial resolution in
codimension 2 of S[2]/i[2] ◦ ι.
Proposition 3.12. The varieties P and M ′ are irreducible symplectic orbifolds of dimension 4
with only 28 singular points analytically equivalent to (C4/ {±1} , 0). Moreover they are related by
a Mukai flop. In particular they are deformation equivalent.
Proof. By Example 2.5 we know the properties ofM ′. By [MT07, Theorem 3.4 and Corollary 5.7]
we know that P is a primitively symplectic orbifold related to M ′ by a Mukai flop. As explained in
the proof of [MT07, Lemma 5.3], the indeterminacy locus of this Mukai flop does not contain any
singularities of P . It follows that π1(Preg) = π1(M ′reg) = 0. That is P is an irreducible symplectic
orbifold. We conclude with Proposition 3.5 that M ′ and P are deformation equivalent.
Assume that (S, i) is a very general K3 surface as in the previous paragraph, i.e. satisfying
the additional condition PicS = H2(S,Z)i. Denote by j : H2(S,Z) → H2(S[2],Z) the natural
injection constructed in [Bea83b, Proposition 6]. We have the following description of the action
of the Beauville involution.
Proposition 3.13 ([O’G05], Proposition 4.1). The involution ι∗ restricted to PicS[2] is the re-
flection in the span of θ := j(H)− δ, where δ is half the class of the diagonal.
Notation 3.14. We denote by M the moduli space of marked irreducible symplectic orbifolds
equivalent by deformation to P .
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Theorem 3.15. Let P be a very general Markushevich–Tikhomirov variety (constructed from a
very general 2-elementary K3 surface). Let ρ : M ′ 99K P be the Mukai flop of Proposition 3.12.
Let ϕ be a mark for P, then (P , ϕ) and (M ′, ρ∗ ◦ϕ) are distinct non-separated points in M. More
precisely, the orbifolds M ′ and P are not isomorphic.
Proof. Because of Propositions 3.12 and 3.5, we know that (P , ϕ) and (M ′, ρ∗ ◦ ϕ) are non-
separated points in M. Now, we are going to prove that M ′ and P are not isomorphic. We
will assume that there exists an isomorphism P ≃ M ′ and we will find a contradiction. The
composition ψ : M ′ 99K P ≃ M ′ induces a bimeromorphism of M ′ to itself. We will show that
this bimeromorphism is necessarily an isomorphism; since ρ is not an isomorphism it will be a
contradiction.
Let π : S[2] →M := S[2]/i[2]◦ι be the quotient map. Let Σ be the surface fixed by the involution
i[2]◦ι and Σ′ the exceptional divisor of the blow-up r :M ′ →M . We have a commutative diagram:
M ′
ψ
//
r

M ′
r

M
ψ0
// M.
(3)
Because of Proposition 3.13:
PicM ⊗Q = Q π∗(θ) and PicM ′ ⊗Q = Q r∗π∗(θ)⊕QΣ′. (4)
Let L be the line bundle on M associated to π∗(θ). By Lemma 3.2, ψ is an isomorphism in
codimension 1. It follows that ψ0 is also an isomorphism in codimension 1. Hence by Banica and
Stanasila theorem [BS76, Corollary II 3.15]:
H0(M,Ln) = H0(M,ψ∗0(L)n), (5)
for all n ≥ 0.
By constructionM is projective and by (4) L is an ample line bundle. It follows from (5), that:
ψ∗0(π∗(θ)) = π∗(θ).
Therefore, by commutativity of the diagram (3), we have:
ψ∗(r∗(π∗(θ))) = r∗(π∗(θ)).
We recall the developed form of the Fujiki formula (see [Men20, Theorem 3.17]):
α1 · α2 · α3 · α4 = cM
′
24
∑
s∈S4
BM ′ (αs(1), αs(2))BM ′(αs(3), αs(4)), (6)
with BM ′ the Beauville–Bogomolov form and cM ′ the Fujiki constant. Hence:
r∗(π∗(θ))3 · Σ˜ = cM ′BM ′ (π∗(θ), π∗(θ))BM ′ (π∗(θ),Σ′).
By the projection formula ([Men20, Remark 2.8]):
r∗(π∗(θ))3 · Σ˜ = 0.
Moreover by [Men18, Proposition 7.10]:
BM ′(r
∗(π∗(θ)), r∗(π∗(θ))) 6= 0. (7)
It follows:
BM ′(r
∗(π∗(θ)),Σ′) = 0. (8)
Moreover, by Lemma 3.4, ψ∗ is an isometry on (PicM ′, BM ′). Therefore by (7) and (8), we have
ψ∗(Σ′) = ±Σ′. We conclude as before using Banica and Stanasila theorem that:
ψ∗(Σ′) = Σ′.
It follows that ψ∗ induces the identity on PicM ′. So ψ∗ necessarily sends an ample class to an
ample class. Hence ψ extends to an isomorphism.
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4 The Kähler cone
4.1 Generalization of Boucksom criterion
This section is devoted to the proof of the following theorem. We recall that the positive cone CX
is defined in Section 2.5.
Theorem 4.1. Let X be an irreducible symplectic orbifold. Let α ∈ CX such that C ·α > 0 for all
rational curves C ⊂ X. Then α is a Kähler class.
Lemma 4.2. Let X be an irreducible symplectic orbifold. Let α ∈ CX such that C · α ≥ 0 for all
rational curves C ⊂ X. Then α ∈ KX .
Proof. Following the same argument as [Huy03, Proposition 3.2], this lemma is a consequence of
Propositions 3.3 and 2.10.
We will adapt the proof of [Bou01] to obtain Theorem 4.1 from the previous lemma.
Let X be an irreducible symplectic orbifold endowed with a marking ϕ : H2(X,Z)→ Λ and let
α ∈ CX as in the statement of Theorem 4.1. Let f : X → Def(X) be the Kuranishi deformation
of X . We denote o := f(X). As explained in Section 2.3, there exists U an open neighborhood of
o ∈ Def(X) such that the period map induces an isomorphism P : U → P(U). We denote:
Wα := VectC(ϕ(α), ϕ(Re σX), ϕ(Im σX)) and T (α)|U := P−1(P(U) ∩ P(Wα)).
By shrinking U if necessary, we may assume that U and P(U) ∩ P(Wα) are simply connected.
Then we consider the one dimensional deformation of X :
f : f−1(T (α)|U )→ T (α)|U (9)
For simplicity of the notation, we still denote X := f−1(T (α)|U ). The deformation f : X →
T (α)|U can be seen as a local twistor space.
For all t ∈ T (α)|U , we denote by ϕt := ϕ ◦ ut the markings, with ut : H∗(Xt,Z) → H∗(X,Z)
the parallel transport operator induced by the deformation f . We denote by σt the holomorphic
2-form on Xt and choose αt such that R>0 αt = ϕ
−1
t (Wα) ∩H1,1(Xt,R) ⊂ CXt .
Lemma 4.3. There exists t ∈ T (α)|U such that αt is a Kähler class on Xt.
Proof. If there exists t ∈ T (α)|U such that Xt does not contain any rational curve, by Lemma
4.2, we have CXt = KXt . Therefore, we assume that for all t ∈ T (α)|U , the orbifold Xt contains
a rational curve and we will find a contradiction. Let β ∈ H4n−2(X,Z), we consider the set Sβ
of t ∈ U such that u−1t (β) is a cohomology class of type (2n − 1, 2n − 1). As explained in the
beginning of [Men20, Section 4.2], the Sβ are analytic subsets of U . By [Men20, Proposition 2.12]
the class of a rational curve is of type (2n − 1, 2n − 1), hence T (α)|U ⊂ ∪β∈H4n−2(X,Z)Sβ. Since
H4n−2(X,Z) is countable, necessarily there exists β ∈ H4n−2(X,Z) and U the complement of
a countable number of points in T (α)|U such that u−1t (β) is the class of a rational curve for all
t ∈ U . Let β be such a class and U such a set. Then by [Nob84, Theorem 1.2], β is the class of
an effective combination of rational curves in X . However, σt · u−1t (β) = 0 for all t ∈ U , that is
ut(σt) · β = 0 for all t ∈ U . This implies that w · β = 0 for all w ∈Wα, and in particular α · β = 0
which is a contradiction.
Proof of Theorem 4.1. Let t ∈ T (α)|U , as in Lemma 4.3. We consider:
Wt = VectC(ϕt(αt), ϕt(Reσt), ϕt(Im σt)) and TWt := P(Wt) ∩ D.
By Lemma 4.3 αt is a Kähler class, and therefore we can apply Theorem 2.13 to consider f
′ :
X ′ → T (αt) the twistor space associated to Xt and αt (the period map provides an isomorphism
P : T (αt)→ TWt).
However, by construction Wt = Wα. Hence, we have ϕ(σo) ∈ TWt . Let ot ∈ T (αt) be such
that P(ot) = ϕ(σo) ∈ TWα and X ′ := f ′−1(ot). We denote by ϕ′ the mark on X ′ which arises
by parallel transport from ϕ. We consider CX′ ∩ ϕ′−1(Wt) = R>0 α′. Since f ′ is a twistor space,
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α′ is a Kähler class on X ′. Moreover by construction ϕ(α) = ϕ′(α′). The two marked irreducible
symplectic orbifolds (X,ϕ) and (X ′, ϕ′) have the same image by the period map, hence by Theorem
2.9, they are non-separated points in their moduli space.
So by [Men20, Remark 3.24] there exists a 2n-dimensional analytic cycle Γ = Z+
∑
Yk ⊂ X×X ′
such that:
(i) Z induces a bimeromorphism:
Z
π ւ ց π′
X − g− → X ′;
(ii) the components Yk dominate neither X nor X
′;
(iii) [Γ]∗(α) = ϕ′−1 ◦ ϕ(α) = α′, where [Γ]∗(α) := π′∗([Γ] · π∗α).
Using Lemmas 3.1 and 3.2, for the same reason as explained in [Huy03, proof of Theorem 2.5], the
maps [Yk]∗ : H2(X,C) → H2(X ′,C) are trivial. Then by Proposition 3.3, the bimeromorphism
induced by Z extends to an isomorphism.
4.2 Wall divisors
In this section we will define wall divisors in the same way as Mongardi in [Mon15, Definition 1.2].
The proofs of [Mon15] carry over in the same way to the setting of irreducible symplectic orbifolds.
However, we streamline the exposition and some arguments, so we find it worthwhile to include
the proofs here.
Definition 4.4. Let X be an irreducible symplectic orbifold of dimension 2n.
(i) We denote by BKX the birational Kähler cone which is the union ∪f∗KX′ for f running
through all bimeromorphic map between X and any irreducible symplectic orbifold X ′. This
is well-defined by Lemma 3.4.
(ii) We call the Mori cone the cone in H2n−1,2n−1(X,R) generated by the classes of effective
irreducible curves contained in X.
(iii) A Kähler-type chamber of the positive cone CX is a subset of the form g [f∗(KX′)], where
g ∈ Mon2Hdg(X), and f : X 99K X ′ is a bimeromorphic maps to an irreducible symplectic
orbifold X ′.
Definition 4.5. Let X be an irreducible symplectic orbifold and let D ∈ Pic(X). Then D is
called a wall divisor if D2 < 0 and g(D⊥) ∩ BKX = ∅, for every parallel transport Hodge isometry
g ∈ Mon2Hdg(X).
Note that an equivalent formulation for this definition is that D⊥ does not intersect any Kähler-
type chamber.
One of our main result on wall divisor is Theorem 1.2(i) that we recall here.
Theorem 4.6. Let (X,ϕ) and (Y, ψ) be two marked irreducible symplectic orbifolds in the same
connected component of their moduli space. Let D be a wall divisor of X such that (ψ−1 ◦ϕ)(D) ∈
Pic(Y ). Then (ψ−1 ◦ ϕ)(D) is a wall divisor on Y .
Proof. We adapt the proof of [Mon15, Theorem 1.3]. Let M◦Λ be a connected component of the
moduli spaces MΛ which contains (X,ϕ) and (Y, ψ). Let D ∈ Pic(X) be a divisor on X with
D2 < 0 such that DY : =(ψ
−1 ◦ ϕ)(D) ∈ Pic(Y ). Assume that DY is not a wall divisor on Y .
We need to deduce that D cannot be a wall divisor on X . Note that we may assume that DY is
primitive.
Since by assumption DY is not a wall divisor on Y , there exists another marking ψ2 on Y
such that ψ2
−1 ◦ψ is a parallel transport Hodge isometry which satisfies (ψ2−1 ◦ψ)(D⊥Y )∩BKY =
(ψ2
−1 ◦ ϕ)(D⊥) ∩ BKY 6= ∅. Therefore, up to replacing ψ by ψ2, we can assume D⊥Y ∩ BKY 6= ∅.
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By the definition of the birational Kähler cone, this implies that there exists a bimeromorphic
map f : Y → Y ′ between irreducible symplectic orbifolds and such that D⊥Y ∩ f∗(KY ′) 6= ∅.
However, by Proposition 3.5 we know that (Y, ψ) and (Y ′, ψ ◦f) are deformation equivalent. Thus,
up to replacing Y by Y ′ and DY by f−1
∗
DY we can assume that D
⊥
Y ∩KY 6= ∅.
Choose a Kähler class ω ∈ D⊥Y ∩ KY such that ZDY are the only elements in H1,1(Y,Z)
which are orthogonal to ω. This is possible, since D⊥Y ∩ KY ⊆ D⊥Y is a non-empty open subset.
Consider the twistor family X 0 → P1 associated to ω (see Theorem 2.13). By construction of
the twistor space, the period map identifies this P1 with the twistor line TW for the positive 3-
spaceW : =VectR(ψ(ω), ψ(Re σY ), ψ(Im σY )). The choice of ω implies that W
⊥∩ψ(H1,1(Y,Z)) =
Zψ(DY ). Therefore, a very general fiber (Z, η) of the twistor space satisfies that Pic(Z) = DZ ·Z,
where DZ : = η
−1 ◦ψ(DY ). Note that DZ cannot be a wall divisor on Z, since by the construction
of the twistor family Z is equipped with a Kähler form ωZ ∈ W ⊆ D⊥Z .
We claim that this implies KZ = CZ . Indeed, Z cannot contain an effective curve, since
H2n−1,2n−1(Z,Z) consists exactly of the ray dual to DZ , which pairs trivially with the Kähler
class ωZ . Theorem 4.1 therefore implies that KZ = CZ as claimed.
Note that this has the following consequence. Let W ′ ⊆ ΛR be any positive 3-space such that
P(Z, η) ∈ TW ′ (i.e. W ′ ⊇ VectR(Re(σZ), Im(σZ )). Then there exists a twistor family X1 → P1
such that P1 is identified with TW ′ via the period map. Indeed, W
′ ∩ VectR(Re(σZ), Im(σZ ))⊥ is
a one-dimensional positive subspace, which therefore contains an element ωW ′ ∈ CZ = KZ and X1
is obtained as the twistor family associated to ωW ′ .
We now connect P(Z, η) back to P(X,ϕ) via convenient twistor spaces. Let N be the sublat-
tice of Λ defined by N := ϕ(D)⊥ = ψ(DY )⊥ = η(DZ)⊥. Since D2 < 0, the lattice N has signature
(3, rkN − 3). Therefore by [Huy12, Proposition 3.7] the period domain
DN := P
({
σ ∈ N ⊗ C | σ2 = 0, (σ + σ)2 > 0}) ⊆ P(N ⊗ C) ⊆ P1(Λ⊗ C)
is connected by generic twistor lines. Note that the proof of [Huy12, Proposition 3.7] in fact shows
that the twistor lines can be chosen in a such a way that they intersect in very general points of DN .
In particular, we can connect P(Z, η) and P(X,ϕ) by generic twistor lines in DN intersecting in
very general points.
As we have seen above, any generic twistor line TW ′ through P(Z, η) lifts to a twistor family.
Repeating the same arguments as above, we observe that the fibre (Z ′, η′) over a very general point
of this family satisfies Pic(Z ′) = ZDZ′ , with DZ′ : = η′−1ϕ(D) which cannot be wall divisor, since
it is orthogonal to a Kähler class. As we observed above, this implies that CZ′ = KZ′ , which allows
us to repeat the same arguments.
In this way, we obtain an irreducible symplectic orbifold (X ′, ϕ′) with P(X ′, ϕ′) = P(X,ϕ),
which satisfies (ϕ′−1◦ϕ(D))⊥∩KX′ 6= ∅ (since it comes with a Kähler class orthogonal to ϕ′−1◦ϕ(D)
by construction). Since we assumed that (X,ϕ) and (Y, ψ) are deformation equivalent, ψ−1 ◦ ϕ
is a parallel transport operator. On the other hand ϕ′−1 ◦ ψ is a parallel transport operator by
construction. Therefore, ϕ′−1 ◦ϕ is a parallel transport operator, which is a Hodge isometry since
P(X ′, ϕ′) = P(X,ϕ). By [Men20, Theorem 1.1 and Proposition 3.22], there is a bimeromorphism
f : X 99K X ′. Proposition 3.5 shows that f∗ (and thus f∗ ◦ϕ′−1 ◦ϕ) is a parallel transport Hodge
isometry. By construction, we have ∅ 6= (f∗◦ϕ′−1◦ϕ(D))⊥∩f∗(KX′) ⊆ (f∗◦ϕ′−1◦ϕ(D))⊥∩BKX .
Thus D is not a wall divisor, which is what we wanted to show.
Definition 4.7. Let MΛ be the moduli space of marked irreducible symplectic orbifolds with
Beauville–Bogomolov lattice Λ (see Section 2.3).
For a given irreducible symplectic orbifold, we denote by WX ⊆ Pic(X) the set of all primitive
wall divisors. Furthermore, after choosing a connected component M◦Λ, let WΛ ⊆ Λ be the set of
all classes α ∈ Λ such that ψ−1(α) ∈ WY is a primitive wall divisor for some (Y, ψ) ∈ M◦Λ.
As an immediate consequence of Theorem 4.6 we obtain
Corollary 4.8. Let Λ be a lattice of signature (3, rkΛ− 3) and M◦Λ a connected component of the
associated moduli space of marked irreducible symplectic orbifolds. Then for any (X,ϕ) ∈M◦Λ the
set ϕ−1(WΛ) ∩ Pic(X) consists of the (primitive) wall divisors on X.
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Example 4.9 ([Mon15], Proposition 2.12). If M ◦Λ is a connected component of the moduli space of
marked K3 surface, then:
WΛ =
{
D ∈ Λ | D2 = −2} .
If M ◦Λ is a connected component of the moduli space of marked irreducible symplectic manifolds
deformation equivalent to a Hilbert scheme of 2 points on a K3 surface, then:
WΛ =
{
D ∈ Λ | D2 = −2} ∪ {D ∈ Λ | D2 = −10 and D · Λ ⊂ 2Z} .
Proposition 4.10. Let X be a irreducible symplectic orbifold with b2(X) ≥ 5. Then the square
of primitive wall divisors on X is bounded, i.e. there exists a natural number N ∈ N such that for
every primitive wall divisor D the Beauville–Bogomolov square of D satisfies −N < q(D) < 0.
Proof. Let us prove the statement under the stronger assumption that b2(X) > 5. Under this
assumption the statement is the equivalent of [AV17, Theorem 5.3]. This makes it easier to present
the analogy in detail. It is possible to extend the statement to the case b2(X) = 5 by a similar but
slightly more technical analogy to the proof of [AV16, Corollary 1.4].
The concept of MBM-classes in [AV17] and the concept of wall divisors in [Mon15] which we
introduced here, correspond to each other, but we will stick to using wall divisors here.
By definition (Definition 4.5) the group Mon2Hdg(X) preserves the set WX of primitive wall
divisors. Bakker and Lehn show in [BL18, Theorem 1.1] that Mon2Hdg(X) ⊆ Aut(H2(X,Z)) is a
subgroup of finite index (since b2(X) ≥ 5). In particular this implies that Mon2Hdg(X) restricts to
an arithmetic subgroup of SO(Pic(X), q).
In a first step, suppose that X is an irreducible symplectic orbifold with maximal Picard rank
ρ(X) : = rkPic(X) = b2(X) − 2 > 3. Under this assumption Pic(X) is a lattice of signature
(1, b2(X) − 3) containing WX . Therefore, [AV17, Theorem 1.3] implies that Mon2Hdg(X) acts on
WX with finitely many orbits (since the set of orthogonal hyperplanes to elements in WX cannot
be dense in CX). In particular, since elements in Mon2Hdg(X) preserve the Beauville–Bogomolov
square, the set {q(D)|D ∈ WX} is finite, which proves the claim.
The general case for X with b2(X) > 5 follows by deforming to an irreducible symplectic
orbifold with maximal Picard group which contains the parallel transport of Pic(X). This can be
achieved using the surjectivity of the period map (see [Men20, Proposition 5.8]) and the deformation
equivalence of wall divisors (see Theorem 4.6).
Lemma 4.11. Let X be an irreducible symplectic orbifold such that b2(X) ≥ 5. Then the chamber
structure in CX cut out by wall divisors is locally finite in the following sense: Let Π ⊂ CX be a
rational polyhedral cone. Then the set {D ∈ WX |D⊥ ∩ Π 6= ∅} is finite.
Proof. Using the boundedness of the Beauville–Bogomolov squares from Proposition 4.10, this is
an immediate consequence of [MY15, Proposition 2.2].
We recall that the dual β∨ of a class β ∈ H2n−1,2n−1(X,Q) is defined in Remark 2.8.
Proposition 4.12. Let X be an irreducible symplectic orbifold such that either X is projective or
such that b2(X) ≥ 5. Let R be an extremal ray of the Mori cone of X of negative self intersection.
Then any divisor D ∈ QR∨ is a wall divisor.
Proof. Let D be the divisor in the statement, i.e. a primitive divisor with negative square, dual to
an extremal ray R. We claim that this implies that D⊥ cuts out a wall ofKX , i.e. D⊥∩∂ KX ⊆ D⊥
contains an open subset V of D⊥.
Assuming this, choose α ∈ V generic (i.e. such that the only elements in H1,1(X,Z) which are
orthogonal to α are collinear to D). Choose a marking ϕ : H2(X,Z) → Λ on X . Consider the 3-
spaceW : =VectR(ϕ(α), ϕ(Re σ), ϕ(Im σ)). By choice of α the spaceW
⊥∩ϕ(H2(X,Z)) = Zϕ(D).
Therefore, W gives rise to a generic twistor line TW in DN , where N : =ϕ(D)⊥ as before. A priori
TW is not coming from a twistor family, since α is not a Kähler class.
However, as in (9), locally around (X,ϕ), we can consider a family over some open simply by
using the local Torelli theorem ([Men20, Theorem 3.17]). Let (Y, ψ) be a very general element of
this family (i.e. an element with Pic(Y ) = Zψ−1 ◦ ϕ(D).)
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Assume for contradiction that D is not a wall divisor. Then use Theorem 4.6 to deduce that
ψ−1 ◦ϕ(D) is not a wall divisor either. Therefore, as in the proof of Theorem 4.6, CY = KY . Note
thatW ∩ψ(Re σY )⊥∩ψ(Im σY )⊥ ⊆ ψ(H1,1(Y,R)) is a positive 1-space and thus contains a Kähler
form ωY . By construction VectR(ψ(ωY ), ψ(Re σY ), ψ(ImσY )) =W .
Therefore, the twistor family Y associated to ωY surjects to the twistor line TW associated to
W . In particular the fibre (Y0, ψ0) over P(X,ϕ) is an irreducible symplectic orbifold, with Kähler
class ωY0 , which satisfies
ψ0(ωY0) ∈W ∩ ψ0(ReσY0)⊥ ∩ ψ0(ImσY0 )⊥ =W ∩ ϕ(Reσ)⊥ ∩ ϕ(Im σ)⊥ = ϕ(α) · R ⊆ ϕ(∂ KX),
which is absurd.
It remains to prove the claim. Since the Kähler cone is cut out by effective curves (see e.g. The-
orem 4.1) it suffices to prove that the extremal ray R cannot be a limit of other extremal rays.
Let us first prove the claim under the condition that b2(X) ≥ 5. Suppose for contradiction that
R is the limit of extremal rays Ri for i → ∞. Observe that, since all Ri are extremal rays, there
exist elements 0 6= αi ∈ ∂ KX ∩ R⊥i . We can choose these αi such that they converge toward an
element 0 6= α ∈ ∂ KX ∩ R⊥. We will show that for each αi, there exists a wall divisor Di ∈ WX
with Di ⊥ αi. This contradicts the locally finite structure of the walls from Lemma 4.11. Suppose
for contradiction, that there exists i such that αi is not orthogonal to any wall divisor. Consider
W : =VectR(ϕ(αi), ϕ(Re σ), ϕ(Im σ)) and repeat the first part of this proof to reach a contradiction
(this is applicable since by construction ϕ−1(W⊥) does not contain any wall divisors).
In the case whereX is projective, the fact that R cannot be a limit of other extremal rays follows
from application of the cone theorem (see e.g. [Deb01, Theorem 7.38]): Choosing L ∈ Pic(X)∩CX ,
which satisfies L · R < 0, the pair (X, ǫL) is klt for small ǫ, and R is ǫL-negative by the choice of
L.
This provides another criterion for Kähler classes.
Definition 4.13. Given an irreducible symplectic orbifold X endowed with a Kähler class ω.
Define W +X : ={D ∈ WX | (D,ω)q > 0}, i.e. for every wall divisor, we choose the primitive repre-
sentative in its line, which pairs positively with the Kähler cone.
Corollary 4.14. Let X be an irreducible symplectic orbifold such that either X is projective or
b2(X) ≥ 5. Then
KX = {α ∈ CX | (α,D)q > 0 ∀D ∈ W +X }.
Proof. Let α ∈ CX satisfy (α,D)q > 0 for all D ∈ W +X . We need to show that α ∈ KX . The
other inclusion follows immediately from the definitions. By Theorem 4.1, it is enough to show
that α · R > 0 for all extremal rays R.
If q(R∨) < 0 this is true by Proposition 4.12.
If on the other hand q(R∨) ≥ 0, then R∨ ∈ CX (since effective curves pair positively with
Kähler classes), and therefore α ∈ CX implies that 0 < (R∨, α)q = R · α.
The following proposition will be useful in Section 5.
Proposition 4.15. Every very general class α ∈ CX belongs to some Kähler-type chamber.
Proof. We adapt the proof of [Mar11, Lemma 5.1]. By Proposition 2.10 and [Men20, Remark
3.24], there exists X ′ an irreducible symplectic orbifold and a cycle Γ := Z+
∑
i Yi in X×X ′ such
that Z defines a bimeromorphism under the following commutative diagram:
Z
π′ ւ ց π
X ′ − f− → X,
where π : X × X ′ → X and π′ : X × X ′ → X ′ are the projection. Moreover the map [Γ]∗ :
H2(X,Z) → H2(X ′,Z) defined for all β ∈ H2(X ′,Z) by [Γ]∗ (β) = π′∗([Γ] · π∗(β)) is a parallel
transport operator and [Γ]∗ (α) is a Kähler class of X
′. We set g := f∗ ◦ [Γ]∗. By Proposition 3.5,
f∗ ∈ Mon2Hdg(X) and so g ∈ Mon2Hdg(X). Hence g−1(f∗(KX′)) is a Kähler-type chamber. Since
α ∈ g−1(f∗(KX′)), this conclude the proof.
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Using the results on wall divisors, we can deduce the following more explicit form of this
proposition.
Corollary 4.16. Let X be an irreducible symplectic orbifold such that either X is projective or
b2(X) ≥ 5, and let α ∈ CX be such that (α,D)q 6= 0 for all D ∈ WX . Then α belongs to a
Kähler-type chamber
Proof. First observe that there exists an open neighborhood U of α such that U ∩D⊥ = ∅ for all
wall divisors D ∈ WX : Assume for contradiction that α would be the limit of points αi satisfying
αi ∈ D⊥i for some wall divisor Di. Then one can find a subsequence of these hyperplanes, which is
converging, resulting in a hyperplane W ∋ α. This implies that W does not intersect any Kähler
chamber, since the D⊥i do not. Therefore, W is by definition the orthogonal complement of some
wall divisor D. However, this gives the desired contradiction to the choice of α.
Applying Proposition 4.15, we deduce that there exists α′ ∈ U such that α′ is in a Kähler
type chamber, i.e. there exists g ∈ Mon2Hdg(X) and f : X 99K X ′ such that α′ ∈ g−1f∗(KY ). We
consider the set W +α : ={D ∈ WX | (α,D)q > 0} of wall divisors pairing positively with α. Note that
for every wall divisor D ∈ WX either D or −D is in this set (since we assumed that (α,D)q 6= 0).
Furthermore, by the choice of α′ ∈ U , the conditions (α,D)q > 0 and (α′, D)q > 0 are equivalent
for every D ∈ WX . Therefore, g−1f∗(KY ) = {β ∈ CX | (β,D)q > 0 ∀D ∈ W +α } by Corollary 4.14.
Since this set obviously contains α, this concludes the proof.
We also provide a criterion for the birational Kähler cone. Using Lemma 3.4 and Proposition
2.10, the following proposition can be proved exactly as [Huy03, Proposition 4.2].
Proposition 4.17. Let X be an irreducible symplectic orbifold. Then α ∈ H1,1(X,R) is in the
closure BKX of the birational Kähler cone BKX if and only if α ∈ CX and (α, [D])q ≥ 0 for all
uniruled divisors D ⊂ X.
5 Application to mirror symmetry
5.1 Motivation and some previous results
In this section, we propose a definition of the mirror symmetry for an irreducible symplectic orbifold
endowed with a Kähler class. The main idea of mirror symmetry is to exchange the holomorphic
2-form and the Kähler metric. Several definitions of mirror symmetry are possible. We follow the
one chosen by Huybrechts in the framework of hyperkähler manifolds [Huy04, Section 6.4], which
in turn is inspired by Aspinwall and Morrison [AM97]. The definition of Huybrechts is given by an
involution on a period subdomain. When Huybrechts proposed his definition, the knowledge on
the Kähler cone for irreducible symplectic manifolds was not yet developed sufficiently to deduce
the mirror symmetry for these manifolds in general. With our results on the Kähler cone (Section
4.2), we are able to make this missing step in the smooth and orbifold setting. More precisely, via
the period map, we provide an isomorphism between the period domain D˜Λ and a moduli space
M˜Λ of irreducible symplectic orbifolds endowed with a Kähler class and some additional data
(Theorem 5.4); it allows to extend Huybrechts’ definition to a subspace of M˜Λ in Section 5.3.
An other approach to mirror symmetry for K3 surfaces was studied by [Dol96] who provides
mirror symmetry between moduli spaces of lattice polarized K3 surfaces (see Definition 5.17).
Dolgachev’s definition has been inspired by mathematical [AM97], [GS91], [Mar90], [Roa96], [Voi93]
and physical literature [Bor97], [Kob08], [Mar90]. The results of Dolgachev for K3 surfaces have
been generalized by Camere in [Cam16] to hyperkähler manifolds. We will prove in Proposition
5.18 that Huybrechts definition coincides with the one of Dolgachev and Camere.
In addition, our work is a generalization of [FJM19, Section 4.1 and 4.2], where a weaker version
of Theorem 5.4 was obtained for the smooth case.
Section 5.2 is devoted to the proof of Theorem 5.4 using our previous results on the global
Torelli theorem (Theorem 1.1) and the Kähler cone (Section 4.2). In Section 5.3, we discuss the
definition of mirror symmetry obtained by combining Theorem 5.4 and Huybrechts’ definition
[Huy04, Section 6.4].
For simplicity of the equations in this section, we denote the Beauville–Bogomolov form simply
by the dot "·".
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5.2 Global Torelli theorem for marked irreducible symplectic orbifolds
endowed with a Kähler class
Let Λ be a lattice of rkΛ ≥ 5 and signature (3, rkΛ − 3) . For a marked irreducible symplectic
orbifold (X,ϕ), we denote by [X,ϕ] its class of isomorphism. Fix a connected component M◦Λ of
the moduli space of marked irreducible symplectic orbifolds of Beauville–Bogomolov lattice Λ.
In this section, we consider quadruplets (X,ϕ, σX , ωX , β), where (X,ϕ) is a marked irreducible
symplectic orbifold, σX ∈ H2,0(X), ωX ∈ KX and β ∈ H2(X,R). The class β is called a B-field.
We denote
M˜Λ :=
{
(X,ϕ, σX , ωX , β) | [X,ϕ] ∈ M◦Λ, 0 6= σX ∈ H2,0(X), ωX ∈ KX , β ∈ H2(X,R)
}
upslope∼ ,
where ∼ is the identification of isomorphic objects, i.e. (X,ϕ, σX , ωX , β) ∼ (X ′, ϕ′, σX′ , ωX′ , β′)
if and only if there exists an isomorphism f : X → X ′ such that f∗ = ϕ−1 ◦ ϕ′, f∗(σX′ ) = σX ,
f∗(ωX′) = ωX , and f∗(β′) = β. We denote by WΛ ⊂ Λ the set from Definition 4.7 which gives the
wall divisors of orbifolds in M◦Λ via the marking.
Remark 5.1. The set M˜Λ is endowed with a structure of differential manifold obtained as an open
submanifold of
M˜Λ :=
{
(X,ϕ, σX , ωX , β) | [X,ϕ] ∈ M◦Λ, 0 6= σX ∈ H2,0(X), ωX ∈ H1,1(X,R), β ∈ H2(X,R)
}
upslope∼ ,
where ∼ is identification of isomorphic objects, as before. The structure of differential manifold of
M˜Λ is given by the period map which is locally a bijection by the local Torelli theorem [Men20,
Theorem 3.17]:
P˜ : M˜Λ // GΛ ⊆ (Λ⊗ C)2
(X,ϕ, σX , ωX , β) // (ϕ(σX), ϕ(β + iωX)) ,
with
GΛ :=
{
(α, β + ix) ∈ (Λ ⊗ C)2 ∣∣ α2 = 0, α · α > 0, α · x = 0, x2 > 0} . (10)
In [Huy04, Section 4.4], the space considered is slightly different:
Grpo2,1(ΛR)× ΛR :=
{
(α, β + ix) ∈ P(Λ⊗ C)× Λ⊗ C | α2 = 0, α · α > 0, α · x = 0, x2 > 0} ;
it can be obtained as a quotient of GΛ.
Remark 5.2. If we choose to restrict to the case, where β ∈ H1,1(X,R), then
M˜Λ 1,1 :=
{
(X,ϕ, σX , ωX , β) | [X,ϕ] ∈ M◦Λ, 0 6= σX ∈ H2,0(X), ωX ∈ H1,1(X,R), β ∈ H1,1(X,R)
}
upslope∼
can be endowed with the structure of a complex manifold, inherited from the period map (compare
[Mag12, Chapter 1 Section 2]).
We can generalize the global Torelli theorem [Men20, Theorem 1.1] for M˜Λ.
Definition 5.3. Define the following generalized period domain:
D˜Λ :=
{
(α, β + ix) ∈ (Λ ⊗ C)2 ∣∣ α2 = 0, α · α > 0, x2 > 0, α · x = 0, α⊥ ∩ x⊥ ∩WΛ = ∅} ⊆ GΛ.
Theorem 5.4. Assume that Λ satisfies rkΛ ≥ 5 and that M◦Λ is non-empty. The period domain
D˜Λ has two connected components D˜1 and D˜2, and there exists i ∈ {1, 2} such that the period map
P˜ : M˜Λ // D˜i
(X,ϕ, σX , ωX , β) // (ϕ(σX), ϕ(β + iωX)) ,
is an isomorphism.
Proof. The end of this section is devoted to the proof of this theorem.
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Step 1: The set D˜Λ has at least two connected components
Consider (α, β + ix) ∈ D˜Λ. By the surjectivity of the usual period map P (see [Men20, Propo-
sition 5.8]), there exists a marked irreducible symplectic orbifold (Xα, ϕα) ∈ M◦Λ such that
α ∈ ϕα(H2,0(Xα)). Since by assumption x2 > 0, this implies that either ϕ−1α (x) ∈ CXα (i.e.
x · ϕα(KXα) > 0), or −ϕ−1α (x) ∈ CXα . By continuity, this splits D˜Λ into two disjoint open sets:
D˜1 : ={(α, β + ix) |ϕ−1α (x) ∈ CXα}, and D˜2 : ={(α, β + ix) | − ϕ−1α (x) ∈ CXα}.
Note that by exchanging x and −x one verifies that both sets are non-empty.
Step 2: The moduli space M˜Λ is connected
Let (X,ϕ, σX , ωX , β) and (Y, ψ, σY , ωY , γ) be two elements in M˜Λ. By Lemma 2.17, we can con-
nect (X,ϕ) and (Y, ψ) by twistor spaces. The first twistor line is given by the positive 3-space
W : =Vect(ϕ(Re σX), ϕ(Im σX), ω
′
X) for some ω
′
X ∈ KX . Since any fibre X1 of the twistor fam-
ily is endowed with an induced marking ϕ1 and a canonical Kähler class ω1, one can connect
(X,ϕ, σX , ω
′
X , β) to (X1, ϕ1, σ1, ω1, ϕ
−1 ◦ ϕ(β)) for some σ1 ∈ H2,0(X1). Use that KX is con-
nected to observe that this is actually connected to the original (X,ϕ, σX , ωX , β). Repeating
this process for the other twistor spaces, we can find σ′Y and ω
′
Y such that (X,ϕ, σX , ωX , β) and
(Y, ψ, σ′Y , ω
′
Y , ψ
−1 ◦ ϕ(β)) are connected. Using again that the Kähler cone, the space of non-
zero holomorphic 2-forms, and the second cohomology group with real coefficient are connected, it
follows that (X,ϕ, σX , ωX , β) and (Y, ψ, σY , ωY , γ) can be connected in M˜Λ.
We prove now that P˜ : M˜Λ → D˜i is an isomorphism.
Step 3: The map P˜ is injective
Indeed, choose (X,ϕ, σX , ωX , β) and (X
′, ϕ′, σX′ , ωX′ , β′) in M˜Λ. Since (X,ϕ) and (X ′, ϕ′) ∈ M◦Λ
are deformation equivalent
ϕ′−1 ◦ ϕ : H2(X,Z)→ H2(X ′,Z)
defines a parallel transport operator. Assume that:
P˜(X,ϕ, σX , ωX , β) = P˜(X
′, ϕ′, σX′ , ωX′ , β′).
Then ϕ′−1 ◦ ϕ is a Hodge isometry and which sends a Kähler class to a Kähler class. Hence by
Theorem 1.1 (ii), there exists an isomorphism f : X ′ → X such that f∗ = ϕ′−1 ◦ ϕ. That is
(X,ϕ, σX , ωX , β) ≃ (X ′, ϕ′, σX′ , ωX′ , β′) are isomorphic.
Step 4: The map P˜ is surjective
By the convention from Step 1, P˜(M˜Λ) ⊆ D˜1. Let (α, β + ix) ∈ D˜1. Theorem 2.9 implies that
there exists (X,ϕ) ∈ M◦Λ such that ϕ−1(α) ∈ H2,0(X). Then ϕ−1(β) ∈ H2(X,R). It remains to
study ϕ−1(x), which is an element of CX by definition of D˜1. By Corollary 4.8, the wall divisors
on X are given by ϕ−1(WΛ) ∩Pic(X), and therefore ϕ−1x ·D 6= 0 for all wall divisors D ∈ WX by
the definition of D˜Λ.
Hence by Corollary 4.16, there exists g ∈ Mon2Hdg(X) and f : X 99K Y a bimeromorphic map
such that ϕ−1(x) ∈ g(f∗(KY )). We consider ψ := ϕ ◦ g ◦ f∗ (note that by Proposition 3.5 f∗ is a
parallel transport operator). It follows that ψ−1(x) ∈ KY and ψ−1(α) ∈ H2,0(Y ).
Then (Y, ψ, ψ−1(α), ψ−1(x), ψ−1(β)) ∈ M˜Λ and P(Y, ψ, ψ−1(α), ψ−1(x), ψ−1(β)) = (α, β +
ix).
Remark 5.5. Of course, the previous theorem remains true if we remove the data of the B-field β
in M˜Λ and in D˜i. This data will be useful only in the framework of mirror symmetry.
Remark 5.6. Theorem 5.4 also shows that M˜Λ is separated.
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Remark 5.7. There is a natural isomorphism between D˜1 and D˜2 given by − id:
D˜1 // D˜2
(α, β + ix) // (−α,−β − ix) .
Moreover if P˜ : M˜Λ → D˜1 is an isomorphism then we can consider
M˜−Λ :=
{
(X,ϕ, σX , ωX , β) | (X,−ϕ, σX , ωX , β) ∈ M˜Λ
}
and the induced map P˜ : M˜−Λ → D˜2 is an isomorphism.
Remark 5.8. An alternative way to determine the connected component D˜i of an element (α, β +
ix) ∈ D˜Λ is the following. Fix a positive definite 3-space W ⊆ ΛR with a determinant form detW .
Let πW : ΛR →W be the orthogonal projection to W . Note that VectR(Reα, Imα, x) ⊆ ΛR is also
a positive definite threespace.
Since the signature of Λ is (3, rkΛ − 3), this implies that πW : VectR(Reα, Imα, x) → W is
an isomorphism, and therefore detW (πW (Reα), πW (Imα), πW (x)) 6= 0. Therefore, by continuity
the sign of detW (πW (Reα), πW (Imα), πW (x)) determines the connected component of (α, β+ ix),
since both signs are achieved by elements of D˜Λ possible (consider e.g. (α,−β − ix)).
5.3 Definition of the mirror symmetry
Using Theorem 5.4, we can define mirror symmetry algebraically at the level of a subset of the
period domain D˜Λ and it will induce a symmetry on a subset of the moduli space M˜Λ.
Let Λ be a lattice of rkΛ ≥ 5 and signature (3, rkΛ− 3). For any field K, we denote:
ΛK := Λ⊗K.
For n ∈ N∗ let U(n) be the lattice of rank 2 with basis (v, v∗) such that v2 = v∗2 = 0 and v ·v∗ = n.
Assume that there exists a primitive embedding j : U(n) →֒ Λ, such that the sublattice j(U(n))
is a direct summand, i.e. Λ = Λ′ ⊕⊥ j(U(n)). For simplicity of the notation, we also denote by
(v, v∗) the basis of j(U(n)) and when there is no ambiguity, we simply write U(n) for j(U(n)).
Let U ′(n) be another hyperbolic lattice isometric to U(n). We denote by ξj the isometry of
O(Λ ⊕ U ′(n)) which fixes Λ′ and exchanges U(n) and U ′(n). As explained in [Huy04, Section 6],
the mirror map is well defined on the following period domain:
Grpo2,2(ΛR ⊕ U ′(n)R)
:=
{
(α1, α2) ∈
(
P(ΛC ⊕ U ′(n)C)
)2 ∣∣∣ α21 = α22 = α1 · α2 = 0, α1 · α1 > 0, α2 · α2 > 0} .
The notation Grpo2,2(ΛR⊕U ′(n)R) was chosen, since this space can be identified with the Grassman-
nian which parametrizes pairs of orthogonal positive 2-planes in ΛR⊕U ′(n)R. OnGrpo2,2(ΛR⊕U ′(n)R)
the mirror map is given by:
mj := ι ◦ ξj ,
where ι(α1, α2) = (α2, α1).
Remark 5.9. The general concept of mirror symmetry is to exchange the holomorphic 2-form and
the metric. This operation will roughly be given by ι. We refer to [AM97] for the physical meaning
of the composition by ξj .
Remark 5.10. In [Huy04, Section 6] he considers the case n = 1. However, this condition is too
restrictive in the framework of orbifolds (see Example 2.7). This is why we allows any n ∈ N∗.
This does not have any consequence on the definition since U(n)R = UR.
In the following, we consider a lift of mj to a subset of D˜Λ. We recall that GΛ is defined
in (10). It is shown in [Huy04, Section 4] that GΛ which contains D˜Λ admits a natural map to
Grpo2,2(ΛR ⊕ U ′(n)R) obtained as the composition of the quotient map Q : GΛ → Grpo2,1(ΛR) × ΛR
and the following natural embedding:
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h : Grpo2,1(ΛR)× ΛR 

// Grpo2,2(ΛR ⊕ U ′(n)R)
(α, β + ix) //
(√
nα− (α · β)w,√nβ + 12 (x2 − β2)w + w∗ + i (
√
nx− (x · β)w)) ,
where (w,w∗) is a basis of U ′(n); we set h := h ◦Q. Unfortunately, h(GΛ) is not fixed by mj . We
will therefore consider a subspace of GΛ such that its image under h is fixed by mj :
Dom(mj)
G := { (α, β + ix) ∈ GΛ | Im(α) · v = 0, Re(α) · v 6= 0, x · v = β · v = 0} .
Let pr : Λ→ j(U(n))⊥ be the projection. Then similar to [Huy04, Proposition 6.8], we can define
the following action mj on Dom(mj)
G :
mj : Dom(mj)
G // Dom(mj)G
(α, β + ix)
✤ //
(√
n pr(β+ix)− 1
2
(β+ix)2v+v∗
Re(α)·v ,
√
npr(α)−(α·β)v
Re(α)·v
)
.
(11)
Proposition 5.11. The map mj is an involution, which satisfies
h ◦mj = mj ◦ h.
Proof. The claimed compatibility with mj is an immediate consequence of [Huy04, Proposition
6.8]. Note that there are only two differences between the map mj and the map which is considered
in [Huy04]: One difference is that in loc. cit. the domain of mj is a quotient space of GΛ. The
second difference is, that we performed a change of variables, replacing v by 1√
n
v (and similarly
for v∗, w, and w∗) in order to obtain the same intersection values. We can verify that mj is an
involution by a direct computation. We denote (α∨∨, β∨∨ + ix∨∨) := mj ◦mj(α, β + ix). We are
going to check that β∨∨ + ix∨∨ = β + ix; the verification that α∨∨ = α is very similar and is left
to the reader. By definition of mj , we have:
β∨∨ + ix∨∨ =
n pr(β+ix)
Re(α)·v −
[(
√
npr(β+ix)− 1
2
(β+ix)2v+v∗)·(√npr(Re(α))−(Re(α)·β)v)]
(Re(α)·v)2 v
n(Re(α) · v)−1
= pr(β + ix)− pr(β + ix) · pr(Reα)− Re(α) · β
Re(α) · v v.
It remains to compute pr(β + ix) · pr(Reα):
pr(β + ix) · pr(Reα) =
(
β + ix− (β + ix) · v
∗
n
v
)
·
(
Re(α) − Re(α) · v
∗
n
v − Re(α) · v
n
v∗
)
= β · Re(α)− (β + ix) · v
∗
n
(v ·Re(α)) .
Combined with the previous equation, we obtain:
β∨∨ + ix∨∨ = pr(β + ix) +
(β + ix) · v∗
n
v = β + ix.
Finally, mj will be well defined on the following period subdomain of D˜Λ: For (α, β + ix) ∈
Dom(mj)
G , choose the notation (α∨, β∨,+ix∨) : =mj(α, β + ix). Then set
Dom(mj) :=
{
(α, β + ix) ∈ D˜Λ
∣∣∣ Im(α) · v = 0, Re(α) · v 6= 0, x · v = β · v = 0, α∨⊥ ∩ x∨⊥ ∩WΛ = ∅} .
Moreover, we denote:
Dom(mj)1 := Dom(mj) ∩ D˜1 and Dom(mj)2 := Dom(mj) ∩ D˜2.
We obtain the following proposition.
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Proposition 5.12. The mirror involution mj exchanges Dom(mj)1 and Dom(mj)2.
Proof. Using Remark 5.8, we can fix a convenient positive definite three-space W ⊆ ΛR with a
volume form detW , and we only need to compare the signs of detW (πW (Reα), πW (Imα), πW (x))
and detW (πW (Reα
∨), πW (Imα∨), πW (x∨)).
Let us chooseW = VectR(
1
2 (v+v
∗), pr(Imα), pr(x)) with detW (12 (v+v
∗), pr(Imα), pr(x)) = 1.
We start by determining detW (πW (Reα), πW (Imα), πW (x)). Notice that
πW (Imα) = πW (pr Imα) +
1
n
(Imα · v∗)πW (v) = pr Imα+ 1
n
(Imα · v∗)1
2
(v + v∗)
and similarly πW (Reα) = 0 +
1
n
[Reα · (v + v∗)] 12 (v + v∗), and πW (x) = prx+ 1n (x · v∗)12 (v + v∗).
Therefore,
detW (πW (Reα), πW (Imα), πW (x)) = det

 1n (Reα · (v + v∗)) 1n (Imα · v∗) 1n (x · v∗)0 1 0
0 0 1


=
1
n
Reα · (v + v∗).
Since Reα2 > 0, (Reα)·v and (Reα)·v∗ have the same sign. In particular the sign of 1
n
Reα·(v+v∗)
is the same as the sign of Reα · v.
As a second step, we need to determine the sign of detW (πW (Reα
∨), πW (Imα∨), πW (x∨)).
Note, that by replacing β with 0, one obtains an element in the same connected component of
Dom(mj), so it is sufficient to treat the special case β = 0. Using (11) and the same reasoning as
above, we need to determine the determinant of the following matrix:
M : =
1
Reα · v

 12x2 + 1 0 00 0 √n
0
√
n 0

 .
Observe that det(M) = − n(Reα·v)3 (12x2 + 1). Since x2 > 0, this has the same sign as −Reα · v.
Therefore (α, β + ix) and mj(α, β + ix) = (α
∨, β∨ + ix∨) lie in different connected components of
D˜Λ, which proves that mj interchanges Dom(mj)1 and Dom(mj)2.
Remark 5.13. Proposition 5.12 can colloquially be rephrased by saying that the mirror map changes
the orientation of positive three-spaces, which happens to match our experience with real life
mirrors.
To be able to have a better idea in practice of the elements contained in Dom(mj), we provide
the following lemma which is a straight forward consequence of [FJM19, Proposition 4.6].
Lemma 5.14. Let (α, β + ix) ∈ D˜Λ such that:
• (α, β + ix) ∈ Dom(mj)G,
• x2 ∈ RrQ,
• For each D ∈ WΛ one of the following two implications is satisfied:
Either pr(Reα) ·D 6= 0 ⇒ pr(β) ·D 6= 0 or α ·D 6= 0 ⇒ Imα ·D 6= 0.
Then there exists a dense uncountable subset Π ∈ R∗ such that for all λ ∈ Π, we have (α, λβ+ix) ∈
Dom(mj).
We are now ready to state the definition of the mirror symmetry of a marked irreducible
symplectic orbifold endowed with a Kähler class and a B-field.
Definition 5.15. Let P˜ : M˜Λ → D˜1 be the isomorphism provided by Theorem 5.4, and consider
the associated natural map P˜ : M˜−Λ → D˜2 from Remark 5.7. Consider the moduli subspaces
M˜Λ
j
:= P˜−1(Dom(mj)1) and M˜−Λ
j
:= P˜−1(Dom(mj)2).
22
The mirror symmetry m˜j is an involution defined on the moduli space M˜Λ
j ∪ M˜−Λ
j
by:
m˜j := P˜
−1 ◦mj ◦ P˜.
Since mj interchanges D˜1 and D˜1, the map m˜j exchanges M˜Λ
j
and M˜−Λ
j
.
Actually, a mirror can be defined for all elements of the following dense set ofM◦Λ. (Note that
the constructed mirror depends on the choice of σX and β for the element (X,ϕ, σX , ωX , β) ∈ M˜Λ
j
)
Proposition 5.16. Let (X,ϕ) ∈ M◦Λ. Assume that the Kähler cone KX satisfies that KX∩v⊥ 6= ∅
then there exists σX ∈ H2,0(X), ωX ∈ KX and β ∈ H2(X,R) such that:
(X,ϕ, σX , ωX , β) ∈ M˜Λ
j
.
Proof. Let (X,ϕ) be as in the statement of the proposition. Let σ′X ∈ H2,0(X). For any (a+ib) ∈
C
∗, we have:
Im [(a+ ib)σ′X ] = a Imσ
′
X + bReσ
′
X .
Choose (a+ ib) ∈ C∗ such that:
a(Im σ′X · v) + b(Reσ′X · v) = 0.
Then we set σX := (a+ ib)σ
′
X . Since by assumption KX ∩ v⊥ 6= ∅, we can choose ωX ∈ KX such
that ωX ·v = 0. By rescaling ωX , we can furthermore assume that ω2X ∈ RrQ. Finally, by Lemma
5.14, we can choose β ∈ H2(X,R) such that (X,ϕ, σX , ωX , β) ∈ M˜Λ
j
.
Now, we show that our definition of mirror symmetry coincides with the one of Dolgachev
[Dol96] and Camere [Cam16] for lattice polarized irreducible symplectic manifolds.
Definition 5.17. Let Λ be a lattice of signature (3, rkΛ − 3). Let ν : N →֒ Λ be a primitive
embedding of a sublattice N of signature (1, rkN − 1). An (N, ν)-polarized irreducible symplectic
orbifold is a couple (X,ϕ) ∈MΛ such that:
ν(N) ⊂ ϕ(PicX).
We say that (X,ϕ) is strictly (N, ν)-polarized if:
ν(N) = ϕ(PicX).
Proposition 5.18. Let ν : N →֒ Λ be a primitive embedding with N of signature (1, rkN−1) such
that j : U(n) →֒ ν(N)⊥. We set N∨ : =U(n)⊥ ∩ ν(N)⊥ and ν∨ : N∨ →֒ Λ the natural embedding.
Let (X,ϕ) ∈ M◦Λ be a strictly (N, ν)-polarized irreducible symplectic orbifold. Then there exists
σX ∈ H2,0(X), ωX ∈ KX and β ∈ H2(X,R) such that:
(X,ϕ, σX , ωX , β) ∈ M˜Λ
j
,
and (X∨, ϕ∨) is (N∨, ν∨)-polarized, where (X∨, ϕ∨, σX∨ , ωX∨ , β∨) := mj(X,ϕ, σX , ωX , β).
Proof. For simplicity of the notation, we denote ν(N) by N . Note that Pic(X) = ϕ−1(N) has
signature (1, rkN − 1) implies by the projectivity criterion ([Men20, Theorem 1.2]) that X is
ample, and therefore the ample cone KX ∩ ϕ−1(NR) is non-empty. Choose ωX ∈ KX ∩ ϕ−1(NR)
with ω2X ∈ RrQ. Furthermore, fix β ∈ ϕ−1(NR) such that for all D ∈ WΛ \ ϕ−1(N⊥ ∩WΛ)):
pr(β) ·D 6= 0.
In particular, the third condition of Lemma 5.14 is satisfied for all D ∈ WΛ \ ϕ−1(N⊥ ∩WΛ)).
Let σ′X ∈ H2,0(X) and (a+ ib) ∈ C∗. Again, we have:
Im [(a+ ib)σ′X ] = a Imσ
′
X + bReσ
′
X
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and we can choose (a+ ib) ∈ C∗ such that:
Im((a+ ib)σ′X) · v = a(Imσ′X · v) + b(Reσ′X · v) = 0. (12)
Set σX : =(a+ ib)σ
′
X . To use Lemma 5.14, we need to check the third condition for D. To do this,
we will show that
Im(σX) ·D = a(Imσ′X ·D) + b(Reσ′X ·D) 6= 0, (13)
for all D ∈ ϕ−1(WΛ ∩N⊥). Assume for contradiction that (13) does not hold, i.e. Im(σ) ·D = 0.
For any real number c ∈ R, observe that in this case σX · (D− cv) = Re(σX) · (D− cv). Note that
Re(σX) · v = σX · v 6= 0, since v /∈ Pic(X). Hence by setting c : = Re(σX )·DRe(σX)·v one can achieve that
σX · (D − cv) = 0. This implies that D − cv ∈ PicX . However, we have chosen D ∈ PicX⊥ and
v ∈ PicX⊥. Since the Beauville-Bogomolov form is non-degenerate, we have D − cv = 0. This is
impossible because D2 < 0 and v2 = 0.
Therefore, we can apply Lemma 5.14 to see that there exists λ ∈ R such that (X,ϕ, σX , ωX , λβ) ∈
M˜Λ
j
. Finally, since by hypothesis ν∨(N∨)⊥ = U(n) ⊕ ν(N), we obtain from (11) that σX∨ ∈
ν∨(N∨C )
⊥. That is (X∨, ϕ∨) is (N∨, ν∨)-polarized.
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